Presence of correlations among the constituent quantum systems has a great relevance in thermodynamics. Significant efforts have been devoted to investigate the role of correlations in work extraction, among others. Here, we derive a bound on the difference between global and local extractable work by unitary operations (ergotropic gap), for bipartite separable states. Violation of this bound necessarily certifies the presence of entanglement. This gap is shown to be a monotone under LOCC assisted state transformations for pure bipartite quantum states. Our criterion has an implication in witnessing the dimension of a bipartite quantum state, with same local dimensions. On the other hand, our result gives an operational meaning to the Nielsen-Kempe disorder criterion. We also propose a schematic model to realize the separability bound experimentally and to detect entanglement for a restricted class of quantum states.
I. INTRODUCTION
Correlations among various systems are defined in terms of several information theoretic quantities, viz., mutual information, conditional entropy, accessible information etc. [1] [2] [3] [4] . Quantum theory provides a larger class of possible correlations and it is interesting to study whether these quantum correlations provide some dramatic supremacy over the classical regime.
Although, the advantage of quantum entanglement is well explored in numerous information theoretic and computational tasks [5] [6] [7] [8] [9] , the power of this correlation has recently been studied in various work extraction protocols from the thermodynamic perspective [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . This motivates us to specify the following task: Consider a bipartite quantum system governed by the local linear spaced Hamiltonian. The parties can use local unitary (generated from a cyclic potential alongside their local Hamiltonians) on their individual quantum system to extract the maximum amount of work called local ergotropy [12, 14] . Now if these two parties are allowed to come together and collaborate, can they extract more work jointly? This difference between the global and total local ergotropy of quantum systems is called the ergotropic gap [15, 16] .
In this paper, we present a bound on the ergotropic gap for bipartite separable states of arbitrary dimension. Any value beyond this bound necessarily implies the presence of entanglement and gives quantum advantage. Thus our result gives an operational thermodynamic criterion for entanglement detection. Although we derive a computable bound on ergotropic gap, this criterion becomes necessary and sufficient for the class of states with maximally mixed marginals. The criterion is experimentally realizable for a larger class of states whose marginals are passive in nature.
We propose a simple model to detect entanglement based on our bound by implementing global unitary operations.
In [15] , the authors have shown that among all possible correlated states with constant marginal entropy, the ergotropic gap for entangled states is maximum. Here we establish a relation between entanglement and ergotropic gap for pure bipartite states; the one with more entanglement will give higher ergotropic gap. For the case of two-qubit systems, the converse also holds.
Witnessing the dimension of a given state depends on several statistical criteria and is a subject of recent interest [20] [21] [22] [23] . In the present work, we show that the ergotropic gap can be used as a dimension witness, which gives a lower bound on the dimension of a d × d bipartite state.
The article is organized as follows: In Section II we discuss the framework of work extraction and the effect of various types of correlations on the ergotropic gap. Section III contains our main results on the bound on ergotropic gap for separable states. We also compare the ergotropic gap with entanglement for pure states. In Section IV, an operational interpretation of the bound is given as a thermodynamic criterion for separability, and its experimental implementation is outlined in Section VI. The extractable work difference between bath assisted global and local systems is shown to be related to quantum mutual information in Section V. We show that the ergotropic gap behaves like a dimension witness in Section VII and finally the conclusions in Section VIII. The detailed proof of Theorem 2 is worked out in the Appendix.
II. FRAMEWORK

A. Work Extraction
One of the most important operational quantities in thermodynamics is work. There are mainly two different approaches to extract work from the given system: either by using the system along with a thermal bath and applying the global unitary on the joint system [24] , or a cyclic Hamiltonian H(t) = H + V (t) can be applied to the system, i.e., the state is evolved under a unitary U (τ ) = −→ exp −i τ 0 dt (H + V (t)) commuting with the total Hamiltonian. Here, the time-dependent potential V (t) starts at t = 0 and decouples from the system at t = τ [12, 14] .
Under this action of the unitary, the initial quantum state ρ i evolves to ρ f . The final state ρ f will be such arXiv:1902.04869v1 [quant-ph] 13 Feb 2019 that no work can be extracted from it (single copy) under the unitary action. Such a state is defined as a passive state . It necessarily implies that the state will be (block) diagonal in the Hamiltonian basis and the population will be inverse to the increasing energy states. But the scope remains open for more copies of the passive state ρ f . The state is said to be completely passive or thermal in nature if no work can be extracted even if infinite copies of ρ f are used jointly with full access to the global unitary [25] [26] [27] .
B. Correlation and Ergotropic gap
While accessing the global state during work extraction, one can exploit the correlations present in it. So it is natural to ask whether quantum correlations give more global advantage than classical correlations. Recently, this has been answered affirmatively in [15] , by considering identical local marginals. However, it is difficult to characterize the explicit connection between correlations and ergotropy gap in the general scenario. In this article, we are going to investigate this connection for general bipartite systems.
Let us consider a bipartite state ρ under a cyclic unitary operator U (τ ), where U (τ ) is controlled by the external potential V (t) acting cyclically over the time interval 0 ≤ t ≤ τ on the global system. The maximum extractable work termed as ergotropy is defined by
where L (X) denotes the set of all bounded linear operators on the Hilbert space X.
It may happen that not the whole system but rather its reduced parts are accessible to Alice and Bob individually. In this case they choose some proper potential V i (t) for the time interval 0 ≤ t ≤ τ corresponding to their individual unitary operator U A/B (τ ). The total achievable work called local ergotropy, is defined by
where W A e and W B e is the maximum extractable work in Alice and Bob's lab respectively, written as,
and
It follows that, 
Global ergotropy is always greater or equal to the local one, as U A ⊗ U B ⊆ U AB . Therefore, the ergotropic gap quantifies how much benefit can be obtained by doing global operations on the joint system instead of local operations. So clearly ergotropic gap depends on various kinds of correlations present in a bipartite quantum state as mentioned below.
Ergotropic gap for pure product states vanish, due to the fact that any pure state can be transformed to |0 under unitary operation. However, in general for product states the situation is different, depending upon individual Hamiltonian [16] , where the ergotropic gap can be nonzero, even with vanishing local ergotropy. It is obvious that for several entangled or classically correlated states this gap is non-vanishing. However, in contrast to [16] there is a class of entangled states where the ergotropic gap is washed out dramatically. This counter intuitive feature happens for identical local Hamiltonian, due to the existence of entangled states in the degenerate energy subspace.
To get a flavour of the last statement let us consider the state p|00 00|+(1−p)|ψ − ψ − |. Due to the presence of |ψ − in the degenerate energy subspace spanned by {|01 , |10 } the state remains passive globally when p ≥ 1 2 , hence produces zero ergotropic gap. However the state is entangled, ∀p ∈ [0, 1).
So we see that correlation and ergotropy gap ∆ EG have a somewhat bizarre relation. Also the states that give quantum advantage remain uncharacterised. In the present work we give an optimal bound on ergotropic gap for all separable bipartite states for the above mentioned task. Ergotropic gap greater than this optimal value implies quantum advantage reflecting supremacy of quantum entanglement. The bound is derived as an implication of the Nielsen-Kempe disorder criterion [28] which is summarized below. 
C. Majorization Criterion
Definition: A state ρ is said to be majorized by a state
where
n are the spectrum of ρ and σ respectively, arranged in nonincreasing order (p
For different dimensions, extra zeros are appended to make the condition complete. Majorization criterion have great implication in state transformation in various resource theories [29] [30] [31] . If ρ ≺ σ then it implies that S(ρ) ≥ S(σ) (but not the reverse) and σ → ρ transition is possible under noisy evolution [32] . The notion of majorization was extended to give the following criteria of separability of a bipartite quantum state.
Nielsen-Kempe disorder criterion of separability: If ρ AB is separable, then
where ρ A and ρ B are the states of system A and B respectively. It says that if the global state is separable, then it is more disordered than the local states [28] . The above criterion is necessary for separability but not sufficient as the converse does not always hold. Although Eq. (9) is stronger than the entropic criterion for separability [33] , it is weaker than the Reduction criterion [34] . This means that all the PPT [35, 36] and single copy non distillable states (Reduction criterion) [37] [38] [39] [40] satisfy the Nielsen-Kempe criterion but the reverse is not true. Since this criterion is spectral dependent, we use it to derive bounds on the ergotropy gap, which in turn provides an interesting physical interpretation of this criterion.
III. BOUNDS ON ERGOTROPIC GAP
A state with non zero ergotropic gap gives more work globally than locally. Although several product states can give non zero ergotropic gap, two-qubit product states (with identical local Hamiltonian) yield zero gap. The presence of correlation makes those states globally less disordered and as a consequence sometimes one is able to achieve higher ergotropic gap. But, even in the case of the strongest correlation i.e., entanglement, there exist some states which give the same local and global ergotropy. However, entanglement is necessary to get quantum advantage and the maximum ergotropic gap is provided by the maximally entangled states. Thus it is important to characterize the entangled states which give quantum advantage in ergotropic gap over all separable states.
Proposition: A multipartite pure state governed by the general Hamiltonian is entangled if and only if it has non-zero ergotropic gap.
Proof: For pure product states local unitaries are sufficient to extract the maximum work. The initial state reaches the lowest energetic passive state |0 ⊗n both locally as well as globally and thus ∆ EG becomes zero. For entangled states, the entangling unitary takes |ψ ent to |0 ⊗n whereas local states are mixed and their local unitaries transform them to the minimum energetic but equal entropic passive states. So locally the accessible work becomes less which makes ∆ EG > 0.
Theorem 1: Ergotropic gap of a pure bipartite state |φ AB is greater or equal to that of |ψ AB if λ(|φ ) ≺ λ(|ψ ), where λ(|φ ) and λ(|ψ ) correspond to the spectrum of the individual marginals.
Proof: Consider two bipartite pure states in Schmidt form
Here we assume that d 1 ≥ d 2 , i.e. |φ has more number of Schmidt coefficients than |ψ and λ i , η i have been chosen in non-increasing order.
From any pure bipartite state it is always possible to reach the passive form |00 by some proper global unitary. The Schmidt decomposition gives the same spectrum for the marginals which can be written in the passive form in the energy basis as follows:
The reduced systems A and B are governed by the Hamiltonian H A = j j A |j j| and H B = j j B |j j| respectively. According to Eq. (6) ergotropic gap for state |φ and |ψ would be
j is the energy for the corresponding |jj state.
The difference between the two ergotropic gaps is
If the majorization condition holds i.e.
Corollary 1.1: For the case of pure two-qubit system, ∆ EG becomes an entanglement measure which is robust in nature.
Proof: Consider a pure two-qubit state
with the marginals governed by the Hamiltonian H A = E a |1 1| and H B = E b |1 1| and the global Hamiltonian is
, where the ground state energy for individual systems are scaled to zero. By some proper global unitary we can transfer |χ to its passive state |00 to extract global ergotropy. Since the local subsystems have the same spectrum, the corresponding passive state would be
Using equation (6) , ergotropic gap of this state turns out to be
In [41] λ min has been shown to be an entanglement monotone. So ∆ EG should also be a monotone and can be used as a thermodynamic quantifier of entanglement for two-qubit pure states. Maximum value of λ min is 1 2 and the corresponding state is Bell state. This state yields the maximum ergotropic gap among all entangled states and as entanglement decreases ergotropic gap also decreases through λ min , thereby giving a robust entanglement measure. 
The interger value of (l, m) and (k, j) will be uniquely determined by the constraint
Proof: Proof has been discussed in the Appendix.
Corollary 2.1: If ρ
AB is a separable two qubit state with the spectrum (x 0 , x 1 , x 2 , x 3 ) in non-increasing order, where the reduced subsystems are governed by the same Hamiltonian H A/B = E|1 1|, then the ergotropy gap is bounded by
Here E 2 is the maximum ergotropic gap over the whole state space of separable states.
Proof: We will first give an independent proof which has been partitioned as follows. Spectral dependent criterion: Ergotropic gap of a system is given by equation (6) 
where ρ A ≡ (p 0 , p 1 ) and ρ B ≡ (q 0 , q 1 ) are the spectrum of subsystems arranged in non-increasing order. According to Nielsen-Kempe separable criterion (9),
Substituting inequality (20) in Eq. (19) we get
Dimension dependent criterion:
The above substitution also gives ∆ EG ≤ (p 1 − x 3 )E, which when maximized over all separable states yields the bound
Since p 0 ≥ p 1 and
while minimum value of x 3 is 0. So among all separable states, the maximum value of ergotropic gap obtained from dimension dependent criterion is E 2 . Thus, from the above two cases, a necessary criterion for a separable state is that its ergotropic gap should be bounded by
Alternatively, this result can also be obtained as a special case of Theorem 2 by making the following substitutions:
Therefore, Y − Z = (x 1 + x 2 ), which is the spectral dependent criterion. Now since it follows that d 2 − 1 < D 1 , we have
The constraint 
Proof: The proof utilizes the well known result [42] which states that any two-qubit state ρ whose subsystems have maximal entropy is separable iff x i ∈ [0, 2 ] where x i is the spectrum of ρ .
Considering the spectrum in non-increasing order,
If the state is separable Nielsen-Kempe criterion (9) says that,
. For marginals with maximally disordered systems ergotropic gap equation (19) would be, ∆ EG = E − (x 1 + x 2 + 2x 3 )E. Substituting the above inequality in ergotropic gap we achieve a necessary criterion for separability
To show the sufficiency, take
Thus for this special class of states, it is a necessary and sufficient criterion for separability, just like the α Renyi entropy criteria [42] for two-qubit systems. Violation of the criterion implies that the state is entangled. We now present one example from this class. Example: For Bell-diagonal states the thermodynamic criterion is necessary and sufficient.
Proof:
where, |φ + , |φ − , |ψ + , |ψ − are usual bell states and the spectrum has been taken in decreasing order (x 0 ≥ x 1 ≥ x 2 ≥ x 3 ). Work contribution from marginals is zero because of saturated randomness. Globally one can reach the passive state by some proper entangling unitary
The renowned PPT criterion confirms separability for x 0 ≤ 1 2 , or in other words, x 0 ≤ 1 2 is sufficient to confirm separability of a state expressed in the above form. Now if,
And we have already shown the other direction in (21) . Hence
If a state violates this condition then it is surely entangled and would give quantum advantage.
IV. BOUND ON ERGOTROPIC GAP AS A THERMODYNAMIC CRITERION OF SEPARABILITY
Information is a valuable resource in work extraction [43] , i.e., more information about the global system enhances the ability of extracting work. Accordingly, global operations (GO), global unitaries (GU), LOCC, LO and LU provide the following hierarchy
The difference between W GO and W LOCC defined as work deficit, was shown to be equal to entanglement distillation for pure states [10] . In this article, we have considered the difference between W GU and W LU which is defined as ergotropic gap. A bound is provided on this quantity for separable states (Theorem 2). The entangled 
Necessary and sufficient criterion of pure entangled states: As proved earlier, for pure states, ∆ EG = 0, if and only if the state is entangled.
Comparison of entanglement between two pure states depends on the task to be performed. For example, φ → ψ transformation is possible under LOCC if and only if λ(|φ ) ≺ λ(|ψ ) [29] . So φ is more entangled than ψ and this implies according to Theorem 1 that ergotropic gap of |φ is greater than that of |ψ . However, the converse is not true in general but for two-qubit states we have shown in corollary 1.1 that as ergotropic gap decreases entanglement also decreases.
Sufficient criterion of bipartite mixed entangled states: According to Theorem 2 if for a bipartite state ∆ EG > min{Y − Z, M (d 1 , d 2 )} then the state is an entangled state. The reduced subsystems are governed by the linear Hamiltonian, and for further discussion we take E = 1.
In corollary 2.1 we found that if ∆ EG > min{x 1 +x 2 , 1 2 } then the state is surely an entangled state, whereas in corollary 2.2 it was shown that for states having maximally mixed marginals, ∆ EG > (x 1 + x 2 ) becomes necessary and sufficient to characterize entanglement.
Although thermodynamic criterion follows from the Nielsen-Kempe disorder criterion (9) we have shown that it becomes necessary and sufficient to exhibit entanglement for Werner class which is a convex mixture of the singlet state with probability p and completely random state with probability (1 − p) having spectrum ρ w ≡ ( . By optimal entangling unitaries {|ψ − → |00 , |ψ + → |01 , |φ + → |10 , |φ − → |11 } one can achieve ∆ EG = p. It is well known that for p ≤ 1 3 , this class is separable and our thermodynamic criterion given in Eq. (25) is also satisfied for this entire range. The Bell CHSH inequality [44] used to experimentally detect entanglement, confirms entanglement only for p > 0.7056 [45] , whereas our criterion can be implemented experimentally and captures the complete range. On the other hand, negativity of Von-Neumann conditional entropy (S(B|A) = S(AB) − S(A)) of a state is also useful in entanglement detection [46] . For Werner class of states it is negative for p ≥ 3 4 , whereas our criterion captures more entangled states than this one also. But since our thermodynamic criterion is spectral dependent, it cannot detect any PPT entangled state. Never the less, it has its own beauty since it is an operational criterion where we can detect entanglement of a system through thermodynamic work.
V. GLOBAL OPERATION VS LOCAL OPERATION AS A CRITERION OF ENTANGLEMENT
In this scenario, Alice and Bob have access to individual local thermal bath of inverse temperature β, governed by the Hamiltonian H 
). However, when we bring the systems and their corresponding baths together, the joint thermal state τ 
). The work difference between global and local operation is defined by
The internal energy and entropy of a system is defined by E(ρ X ) = T r(ρ X H X ) and S(ρ X ) = S(X) = −T r(ρ X logρ X ). If the state ρ AB is separable,
In the same way it can be shown that maxI(A : B) ≤ logd B . So if a state is separable, then
Mutual information above this bound certify entanglement. For Werner class, this criterion is able to detect entanglement for p ≥ 3 4 . However, it is weaker than negative conditional entropy criterion as well as our ergotropic gap criterion.
VI. EXPERIMENTAL INDICATION
We have seen that ∆ EG > min(x 1 + x 2 , 1 2 ) detects entanglement, where (x 1 + x 2 ) is the spectral dependent criterion and 1 2 which is the maximum value over all separable two-qubit states, is the dimension dependent criterion. Let's understand through some examples, why the above minimization is needed. For the spectrum ( Detection of entanglement can be done for bipartite states ρ AB whose marginals ρ A p and ρ B p are passive, or in more realistic situation, completely passive (thermal of virtual temperature β 1 and β 2 respectively). So the local ergotropy for these states is zero and the ergotropic gap would be equal to just the global ergotropy. In order to implement this, we need a continuously varying unitary on the global system. This induces a change in the system's energy and correspondingly there is either work loss or work gain. The maximum work gain is defined as ergotropic gap for passive marginal states. If a system violates the given bound on ergotropic gap, we are sure that the state is entangled, otherwise we can't make any comment.
For the Werner class, however, only a single apparatus (unitary) is needed to detect the entanglement completely. Since ∆ EG = p, one can certify the given Werner state through this value.
One limitation of the experimental set up described above is that for non passive marginals, entanglement detection of an unknown state is not possible . Since ergotropic gap is the difference between global and local ergotropy defined for the optimal unitary only, it can sometimes happen that for a separable state one can cross the optimal bound (17) by some inappropriate unitary. So experimentally this kind of state can not be detected correctly through the thermodynamic criterion. A source of the bipartite quantum state to be tested is placed at the center of the disc. Emitted system particles are captured in the black ball on the disc. Rotation of the disc along it's axis represents the continuous parametric classes of applied unitary. Work gain or loss of the system is represented by the radially inward or outward motion of the ball respectively, which causes a vertical shift of the work load W . Whenever the upward shift crosses the index line δ, the system state is detected as entangled.
VII. ERGOTROPIC GAP AS DIMENSION WITNESS
We have seen that for any d × d system, the maximum ergotropic gap comes from a maximally entangled state
If the ergotropy gap of a given state is greater than d−1, then the system dimension would be at least d + 1. Thus, ergotropic gap gives a lower bound on the dimension of the system and hence acts as a dimension witness. For example, if ∆ EG is 1.5, then the system dimension would be at least 3 × 3. 
VIII. CONCLUSION
We have proposed an operational task which can detect a large class of bipartite entangled states depending upon the difference between globally and locally extractable work by unitary operations. For an arbitrary pure multipartite quantum system, non-zero ergotropic gap is a necessary and sufficient condition to guarantee entanglement. It has also been established that the majorization criterion of state transformation for bipartite pure entangled states has a direct connection to the hierarchy of ergotropic gap. For any arbitrary bipartite separable state our task provides a bound, beyond which the state can be certified as entangled. The criterion is derived as a consequence of an operational task and the experimental realization is valid for the class of states whose marginals are locally thermal at some given temperature. This gives a physical interpretation of the well known Nielsen-Kempe disorder criterion. We have also shown that the difference in extractable work by GO and LO is bounded by the quantum mutual information between the subsystems. Another interesting point is that the bound on ergotropic gap provides a dimension witness for all d × d quantum states.
As a generalization of our work, it would be interesting to obtain the thermodynamic bound on the ergotropic gap in the multi-partite scenario. Although there exist some statistical criteria, which invoke measurement cost to detect bi-separability and genuineness of entanglement in multiparty scenario, bounds on ergotropic gap may provide sharper classification. For two-qubit states our criterion captures the same region of state space as Tsalli's and Renyi entropy criterion and it is a subject of further research to compare this for a general bipartite state. 
. The spectrum is arranged in non-increasing order and
The proof involves two parts: the spectral dependent and the dimension dependent criterion.
A. Spectral dependent criterion
Ergotropy gap of the system is given by equation (6),
where the summations are the passive state energy of A and B respectively and the last term is the global passive state energy.
If the state ρ AB is separable then the following condition (Nielse-Kempe disorder criterion) holds:
where λ denotes the spectrum of the corresponding states.
can be expressed as
Adding the above inequalities gives
which when substituted in Eq. (30) yields
The local passive state energy is bounded by
is the corresponding global passive state energy.
To make the calculation of Z easier, we consider a matrix X by taking the whole global spectrum, where off diagonal elements have the same energy (denoted by same color), viz., |01 and |10 states have same energy. We designate their corresponding spectrum in passive state as
In the same way,
The above successive indices have equal energy and are situated on the next off diagonal of X (indicated in blue).
Passive state energy for any arbitrary state ρ AB is given by
where, the 1 st term on the right side of equality (38) gives us the energy due for the spectrum {x 0 ,
nd term calculate the contribution for the spectrum {x D1+1 , x D1+2 , · · · · · · , x D2 } and the rest of the spectrum {x D2+1 , x D2+2 , · · · , x d−1 } contributes in the last term. Substituting the above expression for Z in Eq. (34) gives the bound on ergotropic gap for separable states
B.
Dimension dependent criterion
Dimension dependent criterion gives the bound on ergotropic gap for all separable states in a given arbitrary dimension. Let us proceed with the proof.
where a term has been added and subtracted on purpose. Now we choose l number of inequalities of q s from Eq.(32)
We can visualize these by putting them in matrix form as follows
. (43) Since (l, m) are integers, they are determined uniquely from the condition
If we take sum of all the inequalities (41), then the L.H.S would eventually give back equation (43),
and the R.H.S is
Since R ≤ R , substituting the values of +R by +R and expression for Z (Eq.(38)) in Eq. (40) we get
Now since
so the term in the parentheses is always greater than the sum of 5 th and 6 th term. Hence
Distributing the 2 nd term we obtain
where (l , m ) are fixed by the value of i, following the constraint i = l (l +1) 2 + m ; 0 ≤ m ≤ l . In this expression, frequency of q i is (i − l ) and (i − l) which increase as i increases. Now we find the spectrum which would give the maximum value of the bound on ergotropic gap for separable states. So maximizing Eq.(49) we obtain
Following the separability criterion (d 1 − 1 + k) number of q i s inequalities have been chosen from inequality (32)
Like in the previous case, we recast these inequalities in the following matrix form:
. . . 
Under the given value of (d 1 , d 2 ), the integers (k, j) are uniquely determined by the following constraint
Here again we define the quantity R taking the off diagonal element 
We can add and subtract R in ergotropic gap equation (30),
Since R ≤ R ,
Substituting the value of R, R from above and Z from Eq.(38) we get
x D2+(i−1)d1−
The integers (k, j) are determined by Eq. (55). The constraint (k − 1) ≤ (d 2 − d 1 ) implies that the term in 2 nd parentheses should always be less than the term in 3 rd , the difference being δ.
Distributing the 2nd term through the 3rd, 4th and 5th term we obtain
The frequency of (p i , q i ) increases with i. To find the bound on ergotropic gap for separable states we need to maximize the above equation, i.e., max(∆ EG ) ≤ max pi (1 st ) + max qi (2 nd + 3 rd + 4 th ) − min(δ)
As {p i } and {q i } are defined in decreasing order and min(δ) = 0, the best choice is
